LANDAU AND GRUSS TYPE INEQUALITIES FOR INNER PRODUCT 
TYPE INTEGRAL TRANSFORMERS IN NORM IDEALS 



DANKO R. JOCIC, DORDE KRTINIC, AND MOHAMMAD SAL MOSLEHIAN 

Abstract. For a probability measure /i and for square integrable fields (^t) and {^^t) 
{t G il) of commuting normal operators we prove Landau type inequality 



js/tX^tdfJ-it) - js/t dfi(t)X / d^iit) 
n Jn Jn 



< 



Xx 



SSt d[i{t) 



for all X G 'B{'H) and for all unitarily invariant norms ||| • |||. 

For Schatten p-norms similar inequalities arc given for arbitrary double square integrable 
fields. Also, for all bounded self-adjoint fields satisfying C < x/t < D and E < 3St F ioi 
alH G and some bounded self-adjoint operators C,D,E and F, then for all X e C|||.|||(H) 
we prove Griiss type inequality 

\D-C\\-\\F-E\\ 



J^tX^t dn{t) - si/t d^i{t)X I SSt dii(t) 
n Jn Jn 



< 



More general results for arbitrary bounded fields are also given. 



1. Introduction 

The Griiss inequality [l(J], as a complement of Cliebyshev's inequality, states that if / and 
g are integrable real functions on [a, b] such that C < f{x) < D and E < g{x) < F hold for 
some real constants C, D, E, F and for all x G [a, b], then 



1 



f{x)g{x)dx 



b i-h 

f{x)dx / g{x)dx 



<-{D-C){F-E); [1.1] 



see [19] for several proofs of this inequality in the discrete form. It has been the subject 
of intensive investigation, in which conditions on functions are varied to obtain different 
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estimates; see [8, 20] and references therein. This inequahty has been investigated, apphed 
and generahzed by many authors in different areas of mathematics, among others in inner 
product spaces [7], quadrature formulae [5, 25], finite Fourier transforms [1], hnear functionals 
[1, 12], matrix traces [21], inner product modules over i/*-algebras and C*-algebras [2, 11], 
positive maps [21] and completely bounded maps [23]. 

1.1. Symmetric gauge functions, unitarily invariant norms and their norm ideals. 

Let 'h{'H) and Coo('H) denote respectively spaces of all bounded and all compact linear 
operators acting on a separable, complex Hilbert space %. Each "symmetric gauge" (s.g.) 
function $ on sequences gives rise to a unitarily invariant (u.i) norm on operators defined 
by ||X||^ = $({s„(X)}^]^), with Si{X) > S2{X) > . . . being the singular values of X, i.e., 
the eigenvalues of |X| = {X*X)'i. We will denote by the symbol |||-||| any such norm, which 
is therefore defined on a naturally associated norm ideal C|||.|||('H) of Coo(^) and satisfies the 
invariance property = |||X||| for all X G C|||.|||('H) and for all unitary operators 

U,V e 'BiH). 

Specially well known among u.i. norms are the Schatten p-norms defined for 1 < p < oo as 
||X||p = ^ Yl^=i Sn{X), while ll^lloo = ll-'^ll = si{X) coincides with the operator norm 
Minimal and maximal u.i. norm are among Schatten norms, i.e., H-'^lloo < |||-'^||| < ||-^||i for 
all X e Clin) (see inequality (IV.38) in [3]). For f,g e n, we will denote by ^* (g) / 
one dimensional operator [g* (g) f)h = {h,g)f for all h E Ti, known that the linear span of 
{fl'*®/ \ fi9 ^"His dense in each of Cp('H) for 1 < p < oo. Schatten p- norms are also classical 
examples of p-reconvexized norms. Namely, any u.i. norm ||-||^ could be p-reconvexized for 
any p > 1 by setting P||$(p) = for all A G :B('H) such that \A\p G G^in). For the 

proof of the triangle inequality and other properties of these norms see preliminary section 
in [15]; for the characterization of the dual norm for p-reconvexized one see Th. 2.1 in [15]. 

1.2. Gel'fand integral of operator valued functions. Here we will recall the basic prop- 
erties and terminology related to the notion of Gel'fand integral, when it applies to operator 
valued (o.v.) functions. Since this theory is well known, we give those properties without 
the proof. Following [li], p. 53., if (f2,9Jl, /i) is a measure space, the mapping ^ : Q ^ "BiTi) 
will be called [//] weakly *-measurable if a scalar valued function t -> tr(=2^y) is measurable 
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for any Y G Ci('H). In addition, if all these functions are in L^{Q,fi), then according to the 
fact that S('H) is the dual space of Ci('H), for any E E'DJl there will be the unique operator 
Te G S('H), called the Gel'fand (rejibcjjaH^) or weak *-integral of =2/ over E, such that 

tr(XsF) = [ tr{£/tY) dti{t) for all Y E Gi{n). (1.2) 
Je 

We will denote it by s^t dfi{t), ^ dji or exceptionally by dfi, if the context requires 
to distinguish this one from other types of integration. 

A practical tool for this type of integrability to deal with is the following 

Lemma 1.1. £/ : Q ^ "3(71) is [/i] weakly* -measurable (resp. [/i] weakly * -integrable) iff 
scalar valued functions t — {^tfif) ^f^^ [fA measurable (resp. integrable) for every / G "H. 

In view of Lemma l.l,the basic definition (1.2) of Gel'fand integral for o.v. functions can 
be reformulated as follows: 

Lemma 1.2. // (^/, /) G L^{E,^) for all f e H, for some E e Tl and a 'B{H)-valued 

function on E, then the mapping f ^ {-^tf, f) dfi{t) represents a quadratic form of 
(the unique) bounded operator (denoted by) d^i or J^^tdfi{t), (we refer to it as to 

"intuitive" integral of over E), satisfying 

^ (^j^ dfi{t)^ 1^9) = 9) dfi{t) for all f,ge'H, 

as well as 

tr(^j £^tdfx{t)Y^ = j ti{£/tY) dfx{t) for allY eGiin). 

In other words, integrability of quadratic forms of an o.v. function assures its Gel'fand's 
integrability and so the notions of "intuitive" and Gel'fand's integral for o.v. functions 
coincide. 

Following Ex.2 in [13], for a [fi] weakly*-measurable function =2/ : — )■ S('H) we have 
that s^* is Gel'fand integrable iff d[i{t) < 00 for all / G Moreover, for a [/i] 

weakly*-measurable function : — ?■ 'S>['H) let us consider the operator of "vector valued 
functionalization" (of vectors), i.e., a linear transformation : D ^ L'^{Q, /i, "H), with the 
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domain D^=|/G'H|/^ dfi{t) < oo}, defined by 

(<f)(t) = for [fj] a.e. t G and all / G L*^-. 

Now, another way for understanding Gel'fand's integrability of is provided by the 

following. 

Lemma 1.3. is a closed operator; it is hounded if and only if s^*s^ is Gel'fand integrable, 
and whenever this is the case, then = \J s^^ s^t dfJ.{t) and 



®(w,L2(n,/i,-H)) 



If additionally J J^£/f*£!/td^{t) G e$('H), th 



en 



dii{t) 



;i.3) 



e<i,(w) 



Denoting ||-||e<j,cH) by ||H||, in view of both Definition 1 and equality (3) in [13] we now get 

1 / 

(1.4) 

e*(2)CH) 





1 

2 




/ £/^*£/tdfl{t) 






Jn 







e^(2)(H,L2(n,M,w))- 



Thus we have recognized the space Lq{Q, dfi, C$('H)) of square integrable o.v. functions ^ 
such that =2^*^ dfi{t) G C$('H) as the isometrically isomorph to the norm ideal of opera- 
tors C$(2) (Ti, LP'iyt, /i, "H)) C S(j,(2) (H, L^(f2, /i, "H)), associated to a (2-reconvexized) s.g func- 
tion Therefore the normability and the completeness of the space Lq(Q, dfj,,Gq,{T-L)), 
as stated in Theorem 2.1 in [l.]], follow immediately. This effectively gives us a represen- 
tation of Ll{n, did,e^{n)), as a Hilbert module over a Banach *-algebra C<i>('H) with its 
6$ ("H)- valued inner product 

{{£/, ^)) = [ s^*SSt dix{t) for all ^, G L^(fi, d/i, G^{n)), 
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as a norm ideal C${2) {Ti, L'^{Q, fi, "H)) of operators from "H into L'^{Q, /i, "H) equiped with its 
C$('H)-valued inner product 

£/;Mt dfx{t) for all j/, M G G^(2){n, L\n, fi,n)). 

1.3. Elementary operators and inner product type integral transformers in norm 
ideals. For weakly*-measurable o.v. functions £/, =^ : — )• 'B{'H) and for all X E "Bll-L) the 
function t — > s^tXSSt is also weakly*-measurable. If these functions are Gel'fand integrable 
for all X G ^3(7/), then the inner product type linear transformation X J^^tXj3§t dfi{t) 
will be called an inner product type (i.p.t.) transformer on "hiT-L) and denoted by J^^/^^ 
SSt dfi{t) or A special case when /i is the counting measure on N is mostly known and 

widely investigated, and such transformers are known as elementary mappings or elementary 
operators. 

As shown in Lemma 3.1 (a) in [13], a sufficient condition is provided when j^* and ^ 
are both in Lq{Q, dfi,'B{'H)). If each of families {^t)ten and {^t)t£n consists of commuting 
normal operators, then by Theorem 3.2 in [13] the i.p.t. integral transformer s^t®SSt dfi{t) 
leaves every u.i. norm ideal C|||.|||('H) invariant and the following Cauchy-Schwarz inequality 
holds: 



sa/tX^t dfi{t) 



< 




;i.5) 



£/f*£/tdfi{t)XJ / ^^^tdfiit) 
\l Jn 

for all X G e|||.|||(H). 

Normality and commutativity condition can be dropped for Schatten p-norms as shown 
in Theorem 3.3 in [13]. In Theorem 3.1 in [11] a formula for the exact norm of the i.p.t. 
integral transformer j^s/t® £^tdfi{t) acting on C2('H) is found. In Theorem 2.1 in [11] the 
exact norm of the i.p.t. integral transformer ® ^ dfi{t) is given for two specific cases: 



;i.6) 



e<i,(w) 



dfi{t) 



where stands for a s.g. function related to the dual space (C$('H))*. 
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Also, as already noted in [1 1] at the end of page 2964, the norm appearing in (1.4) equals 
to a square root of the norm of the i.p.t. integral transformer X ^ £/^*X^t dn{t) 
when acting from S('H) to C<j,('H). As this quantity actually presents a norm on the Ba- 
nach space Lq{Q, dfi, S('H), C$('H)) as elaborated in Theorem 2.2 in [1 1], therefore we con- 
clude that spaces Lq{Q, dfj,, "BiTi), G^{'H)) are both isometrically isomorph to the norm ideal 
C$(2)('H, L'^{Q, fijT-L)). As the objects of consideration in all those spaces are families of op- 
erators, from now on we will refer to such objects as to field of operators (for example 
{^t)ten) in L'^{^, fJ^, C<i.('H)). When we additionally require that the adjoint field of operators 
{^^*)ten also belongs to L^(f2, /i, C$('H)), then we will say that {^t)ten in doubly /i square 
integrable in Gq>{'H) on Q. 

The norm appearing in (1.6) and its associated space Lq{Q,, d^,'B{'H),Gis>{'H)) present 
only a spacial case of norming a field ^ = {•{^t)ten- A much wider class of norms ||-||^ ^ and 
their associated spaces Lq^Q, dfi, C$('H), 6^(7/)) are given in [11] by 

1 

(1.7) 

for an arbitrary pair of s.g. functions $ and For the proof of completeness of the space 
Ll{Q, dfi, e$(H), evt(H)) see Theorem 2.2 in [1 1]. 

The potential for finding Griiss type inequalities for i.p.t. integral transformers relies 
on the fact that J^^^ ^ l3Sf-d^{t) — j^^'^t dfi{t) (g) SSt dixif) is also an i.p.t. integral 
transformer. As the representation for an i.p.t. integral transformer is not unique (as a 
rule), the successfulness of the application of some known inequalities to (g) j3^fdfi{t) — 

s^t dfi{t) ® Jq SSt dfi{t) mainly depends on the right choice for its representation. 

Before exposing main results, we will draw our attention to the following lemma, which 
we will use in the sequel. 



1^1 
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Lemma 1.4. If is a probabilitymeasure on Q , then for every field {^t)ten in L'^{Q, iJ,,'B{'H)) , 
for all B G 'S>{'H), for all unitarily invariant norms ||| ■ ||| and for all 9 > 0, 



> 



Jn 

2 



d^{t) 



n 



dfi{t) = / \£^t?d^{t) 



d^{t) - B 



£^t dfi{t) 



;i.9) 



mm 



Bf dfi{t) 



H - I dii{t) 



dfi{t) 



\^t\'dfi{t) 



s^t dfi{t) 



;i.io) 



Thus, the considered minimum is always obtained for B = ^/t dfJ^(t) . 
Proof. The expression in (1.8) equals 



■s/t - B\^ dfi{t) = 
n Jn 



s^t- I J^t dnit) + j s^t dfi{t) - B 



dii{t) 



H - I diiit) 



d^{t) 



M d/i(t) - B 



dfi{t) 



+ 23?^ (^M-y £^tdfi{t)j £^tdfi{t)-B] dn{t) 



n 



£/t- / ^tdf^it) 



n 



dii{t) + 



dii{t) - B 



as j j £^tdij{t)j (^j £/tdfi{t)-B^ dfi{t) = 

^*d^x{t)- I £^;dn{t)] ( / s^tdn{t)-B) =0. 
In Jn J \Jn ) 

Inequality in (1.9) follows from (1.8), while identity in (1.9) is just a a special case of 
Lemma 2.1 in [1'] applied for k= \ and = 1). 

As < A < S for G eoo(^) implies s^(A) < s^(fi) for all riG N, as well as 

|||A^||| < |||5^||| , then (1.10) follows. □ 
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2. Main results 



Let us recall that for a pair of random real variables {Y, Z) its coefficient of correlation 



Py,z 



\E{YZ)-E{Y)EiZ)\ 
a{Y)a{Z) 



\EiYZ)-EiY)EiZ)\ 



^E{Y^) - E\Y)^E{Z^) - E^Z) 



always satisfies \py,z\ < 1- 

For square integrable functions / and g on [0, 1] and D{ f, g) = f{t)g{t) dt—J^ f{t) dt g(t) 
Landau proved (see [17, 18]) 



\D{f,g)\<^D{fJ)D{g,gl 



and the following theorem is a generalization of these facts to i.p.t. integral transformers. 

Theorem 2.1 (Landau type inequality for i.p.t. integral transformers in u.i. norm ideals). 

If ^ is a probability measure on Q, let both fields {^t)t&n O'nd {^t)t&n be in L'^{Q, fi,'B{'H)) 
consisting of commuting normal operators and let 



dfi{t) 



: dfi{t) 



: dfl{t) 



ee|||.|||(H) 



for some X G 'B{'H). Then 



£/tX^tdfiit) - / £/tdfi{t)X ^tdfi{t) e e\\\.\\\{n) 
n Jn Jn 



and 



£^tX^td^i{t) - I Mdfi{t)X ^tdfi{t) 
Jn Jn 



< 



|MPrf/i(t) 



dfi{t) 



Xxl I \j3gt\^ dfi{t) - 



dfi{t) 



(2.1) 
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Proof. First we note that we have the following Korkine type identity for i.p.t. integral 
transformers: 



Jn Jn Jn 

= dii{s) I £/tX^tdn{t)- / £/tX^sdfi{s)dfi{t) 
Jn Jn JnJn 

=11 {s^s-s^t)X{^,-^t)d{^ix ^j){s,t). (2.2) 
2 Jn^ 

In this representation we have {s^s — M)(s,t)gn2 and — ^t)(s,t)er22 to be in L'^{fl'^,fi x 
fi, 'B{'H)) because by an application of the identity (2.2), 



/t|'(i(/ix/i)(s,t) = / \^t\^dfx{t) 



n^ 



dfi{t) 



dfx{t) E 'Bin). (2.3) 



Both families {^s — -^t){s,t)en^ and {^s — ^t){s,t)en'^ consist of commuting normal operators 
and by Theorem 3.2 in [13] 



Q2 



)d{fi X fi){s,t) e e|||.||||('H) and 



£/tX^tdfi{t) - / £^tdf-i{t)X ^tdfi{t) 
1 Jn Jn 



- s^t)X{SS, - SSt)d{p. X /i)(s, t) 



< 



^J^J^s-^t\^d{fiXfi){s,t)xJ^J^ 



dfi{t) 




Xxl I l-^tl^dfiit) 



due to identities (2.2) and (2.3). And so the conclusion (2.1) follows. 



□ 
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Lemma 2.2. Let /x (resp. u) be a probability measure on Q (resp. 15), let both families 
{■s^s-,'^t}{s,t)£Q.xU (iiT-d {^s, ^t}{s,t)enxu consist of commuting normal operators and let 



Wdfi{s) / \%\^du{t) 
n Ju 



n Ju 



■X ■ 



^s\^dfi{s) / \%\^du{t) 
Ju 

be in C|||.|||('H) for some X G 'B{'H). Then 



{§sdij{s) / ^tdu{t) 

Q Ju 



[ 1 ^s'^tX^s%d^i{s)dv{t)- 
Jn Ju 

s^sdfi{s) / '^tdu{t)X ^sdfi{s) / % du{t) e eii\.\\\{'H) 
Ju Jn Ju 



and 



£^s%X^s%dii{s) dp{t) - / £^sdi2{s) / %du(t)X ^sdfi{s) / %diy{t) 
nJu Jn Ju Jn Ju 



< 



\j^s\^dfl{s) / \%\'duit)^ 

n Ju 



£/sdfiis) / %diy{t) 
n Ju 



X 



n Ju 



^sd^i{s) / &tdiy{t) 
n Ju 



Proof. Apply Theorem 2.1 to the probabihty measure /ixz/ on QxU and famihes {£^s^t){s,t)Gnxu 
and {£^s^t){s,t)£nxu of normal commuting operators in Lq{Q xl3,dfi x z/, S('H)), taking in 
account that 



nxu 



nxu 



d{ii X u){s, t) 



and similarly 



\s^,%?d{iixv){s,t) 



nxu 



nxu 



^tfdifi X iy){s,t) 



^sdfi{s) / "rftduit), 
n Ju 

^sdfi{s) / ^tdu{t), 
n Ju 



l^sl'dfiis) / \%\'du{t), 
n Ju 

^sfdfiis) [ \%\^dv{t). 
n Ju 
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□ 



By the use of the mathematical induction, the previous lemma enables us to get straight- 
forwardly the following 

Corollary 2.3. If /i, {^t)t£Q and (^t)tgn are as in Theorem 2.1, then for all n G N and for 
any - , *2n) e {*, 1}^", 



k=l 



k=l k=l 



n 



< 



Wt?dii{t) 



: d^l{t) 



2\ 2 



X I / \mt\ dlJ^it) 



2\ 2 



where i (resp. j) stands for the cardinality of {/c G N | 1 < < n & *fc = *} and (resp. 
{A;GN|l<A;<n & *n+k = *})■ 

For the Schatten p-norms || ■ ||p normality and commutativity conditions can be dropped, 
at the inevitable expense of the simplicity for its formulation. So we have the following 

Theorem 2.4 (Landau type inequality for i.p.t. integral transformers in Schatten ideals). 
Let ^ he a probability measure on Q, let {^t)t£n one? {^tjt&Q. be fi-weak* measurable families 
of bounded Hilbert space operators such that 



+ |K/||2 + + W^^tff) df,{t) < oo for ^wfen 



and let p,q,r > 1 such that 



1 _ 1 1 
p 2q 2r 



. Then for all X E Gp{n), 



s^tX^t d^iit) - s^t d^{t)X I SSt dfi{t) 
Jn Jn 



(2.4) 



•7-1 



<- / <rf/x(t) 



dfi{t) 



H - I =4 djiit) 
In 



2 \ 2^ 

d^L{t) 

I 
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X 



( 



\ 



: dlJ,{t) 



dfi{t) 



' dfi{t) 



dfi{t) 



I 



Proof. According to identity (2.3), application of Theorem 3.3 in [13] to families 
t)(^,i)GC2 and {SSs - ^t){s,t)&Q^ gives 



£^tX^tdfi{t) - I £^t d^{t)X I SSt dfi{t) 
Jn Jn 

\ {s^s- M)X(^, - ^t)d{^i X /i)(s, t) 



< 



2 ./QZ 



1 

2 ./c2 



« - <) 



q-1 



2q 



{fl X fl){s,t) ] {£/s - ■s^t)d{fi X fl){s,t) ] X 



(2.5) 



^2 Jn2 



r-l 



't\'{^I X /i)(s,t) (^: - ^:)d{ti X fi){s,t) 



By application of identity (2.3) once again, the last expression in (2.5) becomes 



n2 



(^. - -i^y 



q-l 



d^{t) ) (^s — £/t)d{n X /i)(s, t) 



2q 



- I 'Jt dlj{t) 

p-1 



r-l 



Denoting \ - £^*d^\ d^{s)j (resp. \yj^\^s- Jq ^diJ,\ rf/i(s) j ) by Y (resp. 
Z), then the expression in (2.5) becomes 



r-l 

|2 , , ^^ 



^ ' \Y£^s-Y£^tf d{flX fl){s,t) ] X 



(2.6) 



1 / \z^:-z^l\U{^^x^^){s,t) 

2 Jf72 
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By a new application of identity (2.3) to families (l^^)ten and {Zl^^)t^Q (2.6) becomes 



d^{t) ] X ( [ ZSBl - [ Z^l dfi{t) 



dfi{t) 



which obviously equals to the righthand side expression in (2.4). □ 
A special case of an abstract Holder inequality presented in Theorem 3.1.(e) in [13] gives 



us 



Theorem 2.5 (Cauchy-Schwarz inequality for o.v. functions in u.i. norm ideals). Let be 

a measure on Q, let {^t)ten one? {^t)ten be fi-weak* measurable families of bounded Hilbert 
space operators such that |£^(pd/i(t) and \^t\^ d^{t)\ are in in C|||,|||(?/) for some 
6* > and for some u.i. norm ||| ■ |||. Then, 



£^*^t dfi{t) 



< 



Proof. Take $ to be a s.g. function that generates u.i. norm ||| ■ |||, $i = $, $2 = "^^s = 
(2-reconvexization of $), a = 29 and X = I, and then apply 3.1.(e) from [13]. □ 

Now we can easily derive the following generalization of Landau inequality for Gel'fand 
integrals of o.v. functions: 

Theorem 2.6 (Landau type inequality for o.v. functions in u.i. norm ideals). If fi is a 

probability measure on Q, 9 > and (M)ten (I'nd (i^t)tGC as in Theorem 2.5, then. 



j2/;^tdn{t) - / £/;dfi{t) / ^tdiiit) 



< 



\s^tf djj{t) 



dfi{t) 



Wt\ dixit) 





2 


e 


/ ^td^iit) 






Jn 







■ (2.7) 



Proof. Apply Theorem 2.5 to o.v. families (-e^ — ^t){s,t)en'^ and — ^t){s,t)£n^ and use 
identity (2.2) once again. □ 
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For for the more general inequality in an arbitrary Hilbert C*-module see Theorem 3.4 in 
[11]. A case 9 = 1 and ||| ■ ||| = ||-|| in Theorem 2.6 offers the proof for Hilbert C*-module 
Lq{Q, dfi, 'B{'H)) in case of the lifted projection h{t) = I for all t & fl. 

Case 6 = 1 and ||| • ||| = ||-||^ of Theorem 2.6 offers the proof for the stronger version of 
Theorem 3.3 for Hilbert i/*-module Lq{Q, dfi, Ci(7/)) for the same lifted projection h{t) = I 
for all t G fi. 

Corollary 2.7. Under conditions of Theorem 2.6 we have 



tr( / ^;^tdpi{t)- / £/;d^i{t) / 3§tdii{t) 
\Jq Jn Jn 



< 



. dfi{t) 



4*dfi{t) / ^tdfi{t) 



(2. 



< 



^t\\l djiit) 




s^t dfi{t) 



d^{t) 



2 










:) 


2 


Jn 




2 








/ ^tdiiit) 




2 


Jn 





Proof. An application of (2.7) for ^ = 1 and ||| ■ ||| = \\-\\^ justifies (2.9), while (2.8) and all 
the remaining identities in (2.10) are obtainable by a straightforward calculations, based on 
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elementary properties of the trace tr and Gel'fand integrals: 

Jn Jn 

ti (^j \£/tf dfi{t)^ - tr ( / j^tdfi{t) 
tr^^y \^tf dfi{t)^ - ti i j ^tdiiit) 
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< 





2 








2 


/ £^td^l{t) 






[ dfi{t)- 


1 ^tdfiit) 




Jn 




1 


Jn 


Jn 





(2.9) 



't\\l dKt) 



't|l2 



djiit) 



dfi{t) 



djj{t) 



dfi{t) 



dfi(t) 



s^t d^{t) 



: d^{t) 



(2.10) 
□ 



For bounded field of operators sz/ = {£^t)t(^n one can easily check that the radius of the 
smallest disk that essentially contains its range is 



inf sup ess 11=2^4 — A|| = inf 



-A\ 



min 11^ — A\ 



Ae-Bin) ten Ae-B{n) ^ Ae-B{n) ^ 

(from the triangle inequality we have — — — j4||| < — so the mapping 
A — )■ supessjgj^ 11-2^ — A\\ is nonnegative and continuous on "BiT-L); since {£^t)ten is bounded 
field of operators, we also have — y4|| — )■ oo when ||A|| — )■ oo, so this mapping attains 
minimum), and it actually attains at some Aq G 2(7/), which represents a center of the disk 
considered. Any such field of operators is of finite diameter 



diamoo(=e/) = sup ess ||^ 

s,ten 



"til 1 
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with the simple inequahties Too (-2/) < diamoo(^) < 2roo(^) relating those quantities. For 
such fields of operators we can now state the following stronger version of Griiss inequality. 

Theorem 2.8 (Griiss type inequality for i.p.t. integral transformers in u.i. norm ideals). 

Let be a a-finite measure on Q and let = {^t)ten O'nd SS = {^t)ten be [/i] a.e. bounded 
fields of operators. Then for all X G C|||.|||(7/), 



sup 

/u(5)>0 



Ko) Js l^[o) Js Ko) Js 



< min < roo{-s/)r, 



diamfYif^) diam, 



00 y^'^ J 1 



\X\\\ (2.11) 



(i.e. sup is taken over all measurable sets 6 such that < /i(5) < 00). 



Proof. Let 
and let us note that 



^olloo = ™n 

°° A&'BiH) 



|^-A||^,let 



BqW = min \\^ - B\ 

B£-B{H) 



^— / \£/t - Aof dfi{t) < / supess ll^t - Aof ■ -^c^/^(0 

A^(^) Js Js ten 

= \\^-Ao\\l-I = rlis^).I. 



Therefore 



W)Is\^t-Ao\' d^c{t) 



< rr 



< roo(^) and 

goes similarly. By identity (2.2) applied to probability measure ^7^/^ on 6 and Lemma 1.4 
we then have 



,2 1 



52 



1^4 - Ml d{iJ X ij){s,t) 



1 



/i(5) 



: dfl{t) 



djj{t) 



< 



ML -I 



UfJ^{t)-Ao 



M JS 



dfi{t) 



and therefore 
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Similarly, 



< 



K-AIlL-^ 



£/tf difJ- X t) 
1 



2/i(5) 



(2.12) 



[ 









< 



- Bo 



(2.13) 



Those inequalities show that subfields {s/t — '^s){s,t)e5x5 and {^t — ■^s){s,t)e5x5 are in 
L^(5 X (5, X -^Hi'B{T-i)), and therefore according to identity (2.2) and Lemma 3.1(c) 
from [13], 



< 



< 



f^{0) J 5 /i(0) J 5 f^{0) J 5 



t)d{fi X /i)(s,t) 



1 



\£/s - £^tfd{n X /i)(s,t) 



2/i(5)2 



<52 



-Alii-/ 



l^-Snlli ■ / 



' d{iJ, X //)(s, t) 



d^{t) — Ao 



K^) Js 

Ijz I dfiit) - Bo 
KS) Js 



< roo(=fi/)roov 



(2.14) 
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and the first half of inequahty (2.11) is proved. The proof for the remaining part of (2.11) 
differs from the previous one only by use of obvious estimates 



1 



d(/i X /i)(s, t) 



<52 



< 



diamL 



instead if (2.12) (resp. (2.13)) in (2.14). 



d{fi X /i)(s, t) 



^ diam|^> 
— 2 



□ 



Now we turn to the less general case when {£/t)ten and {^t)ten are bounded fields of 
self-adjoint (generally non-commuting) operators, in which case the above inequality has the 
following form. 

Corollary 2.9. If /i is a probability measure on Q, let C,D,E,F be bounded self-adjoint 
operators and let {^t)t<^n and {J!^t)t<^n be bounded self-adjoint fields satisfying C < s^t ^ D 
and E <^t<F for all t G fi. Then for all X e e|||.|||(H), 



.i^tX^t dn{t) - I d^i{t) X I dfx{t) 



<ll^-^INI^-gll.|||.y|||. (2.15) 



'n Jn Jn 

Proof. As ^ <^t- ^ < ^ for every ten, then 



sup ess 

ten 



C + D 



sup ess sup 

ten 11/11=1 



< 



sup 



D-C 



fj 



\D-C\\ 



which implies roo(^) < ■'^^^j^, and similarly roo(^) < "'^ g'^" . Thus (2.15) follows directly 
from (2.11). □ 

Remark 2.10. Note that similar to the estimate (2.14) the righthand side of (2.15) can be 
improved to 



\\F-E\\ 



D-C 



F-E 



: d^{t) 



: d^l{t) 



C + D 



(2.16) 



E + F 



\X\\\. 
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Estimate similar to (2.16) was given in a Griiss type inequality for square integrable Hilbert 
space valued functions in Theorem 3 in [4]. 

In case of "H = C and /i being the normalized Lebesgue measure on [a, b] (i.e. d fi{t) = 
then (1.1) comes as an obvious corollary of Theorem 2.9. This special case also confirms the 
sharpness of the constant | in the inequality (2.15). 

Taking Q = {1, . . . ,n} and /i to be the normalized counting measure we get another 
corollary of Theorem 2.9, which gives us the following 

Corollary 2.11 (Griiss type inequality for elementary operators). Let Ai, . . . , An, Bi, . . . , Bn, 
C, D, E and F be bounded linear self-adjoint operators acting on a Hilbert space "H such 
that C < Ai < D and < 5i < F for alH = 1, 2, ■ ■ ■ , n then for arbitrary X E e|||.|||('H), 

-H^^^B.^-Y^AXY^B, 

i=l i=l i=l 
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